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DIFFERENTIAL SYSTEMS ASSOCIATED WITH
TABLEAUX OVER LIE ALGEBRAS
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Abstract. We give an account of the construction of exterior differential systems based on the
notion of tableaux over Lie algebras as developed in [33]. The definition of a tableau over a Lie algebra
is revisited and extended in the light of the formalism of the Spencer cohomology; the question of
involutiveness for the associated systems and their prolongations is addressed; examples are discussed.
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1. Introduction. The search for a common structure to various exterior dif-
ferential systems (EDSs) of geometric and analytic origin led to the algebraic no-
tion of a tableaux over a Lie algebra [33]. This notion builds on that of involutive
tableau in the theory of EDSs and can be seen as a non-commutative generaliza-
tion of it. Interestingly enough, from a tableau over a Lie algebra we can canon-
ically construct a linear Pfaffian differential system (PDS) which is in involution
and whose Cartan characters coincide with the characters of the tableau.
Particular cases of this scheme lead to differential systems describing well-
known integrable systems such as the Grassmannian systems of Terng [37, 4],
the curved flat system of Ferus and Pedit [16], and many integrable surfaces aris-
ing in projective differential geometry [1, 14, 17]. The tableaux corresponding
to Grassmannian and curved flat systems, the so-called Cartan tableaux, are ob-
tained from the Cartan decompositions of semisimple Lie algebras. The tableaux
corresponding to the various classes of integrable surfaces in projective 3-space
are given by sub-tableaux of a special tableau over sl(4,R). This is constructed
by the method of moving frames and amounts to the construction of a canonical
adapted frame along a generic surface in projective space (e.g., the Wilczynski–
Cartan frame [11, 17, 2, 14, 15]). The involutiveness of these examples follows
from the involutiveness of the corresponding tableaux. The result that the Grass-
mannian system and the curved flat system are in involution was first proved by
Bryant in a cycle of seminars at MSRI [6] and was then taken up and further
elaborated by Terng and Wang [38].
Other examples of linear Pfaffian system in involution which fit into the
above scheme, and in fact motivated our work, include: the differential systems
of isothermic surfaces in Mo¨bius and Laguerre geometry [25, 26, 28, 30]; the
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differential systems of Mo¨bius-minimal (M-minimal or Willmore) surfaces and
of Laguerre-minimal (L-minimal) surfaces [27, 29, 25]; the differential systems
associated to the deformation problem in projective geometry and in Lie sphere
geometry [11, 10, 3, 22, 32, 13]. The tableaux associated with all these examples
are constructed by the method of moving frames on the Lie algebras of the corre-
sponding symmetry groups (cf. Section 5.3). If, on the one hand, the presented
approach may be seen as a possibility to discuss various involutive systems from a
unified viewpoint, on the other hand, it can be viewed as a possibility to find new
classes of involutive systems. In this respect, we mention the class of projective
surfaces introduced in [33], which generalizes asymptotically-isothermic surfaces
and surfaces with constant curvature of Fubini’s quadratic form. An analogous
class of surfaces in the context of conformal geometry is discussed in Section 5.3.
For an application of the above construction to the study of the Cauchy problem
for the associated systems, we refer the reader to [31, 34].
In this article we revisit the definition of tableau over a Lie algebra using the
formalism of the Spencer cohomology and extend it to include 2-acyclic tableaux.
This allows also non-involutive systems into the scheme, reducing the question
of involutiveness of their prolonged systems to that of the prolongations of the
associated tableaux (cf. Section 4).
Section 2 contains the basic material about tableaux. Section 3 introduces the
notion of tableaux over Lie algebras. Section 4 presents the construction of EDSs
from tableaux over Lie algebras and discusses some properties of such systems.
Section 5 discusses some examples as an illustration of the theory developed in the
previous sections. Further developments are indicated in Section 6. The appendix
collects some facts about the Spencer complex of a tableau and the torsion of a
PDS.
2. Tableaux. In this section we provide a summary of the results in the al-
gebraic theory of tableaux. As basic reference, we use the book by Bryant, et al.
[7]. See also [21].
A tableau is a linear subspace A ⊂ Hom(a, b), where a, b are (real or
complex) finite dimensional vector spaces.
An h-dimensional subspace ah ⊂ a is called generic w.r.t. A if the dimen-
sion of
Ker (A, ah) := {Q ∈ A |Q|ah = 0}
is a minimum. The set of h-dimensional generic subspaces is a Zariski open of
the Grassmannian of h-dimensional subspaces of a.
A flag (0) ⊂ a1 ⊂ · · · ⊂ an = a of a is said generic if ah is generic, for all
h = 1, . . . , n.
The characters of A are the non-negative integers sj(A), j = 1, . . . , n,
defined inductively by
s1(A) + · · ·+ sj(A) = codimKer (A, aj),
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for any generic flag (0) ⊂ a1 ⊂ · · · ⊂ an = a.
From the definition, it is clear that
dim b ≥ s1 ≥ s2 ≥ · · · ≥ sn, dimA = s1 + · · ·+ sn.
If sν 6= 0, but sν+1 = 0, we say that A has principal character sν and call ν the
Cartan integer of A.
The first prolongation A(1) of A is the kernel of the linear map (Spencer
coboundary operator, cf. Appendix A)
δ1,1 : Hom(a,A) ∼= A⊗ a∗ → b⊗ Λ2(a∗)
δ1,1(F )(A1, A2) :=
1
2
(F (A1)(A2)− F (A2)(A1)) ,
for F ∈ Hom(a,A), and A1, A2 ∈ a.
The h-th prolongation of A is defined inductively by setting
A
(h) = A(h−1)
(1)
,
for h ≥ 1 (by convention A(0) = A and A(−1) = b). A(h) identifies with
A
(h) =
(
A⊗ Sh(a∗)
)
∩
(
b⊗ Sh+1(a∗)
)
.
An element Q(h) ∈ b ⊗ Sh+1(a∗) belongs to A(h) if and only if i(X)Q(h) ∈
A
(h−1)
, for all X ∈ a.
THEOREM 2.1. dimA(1) ≤ s1 + 2s2 + · · ·+ nsn.
DEFINITION 2.1. A is said involutive (or in involution) if equality holds in
the previous inequality.
THEOREM 2.2. For any tableau A there exists an integer h0 such that A(h)
is involutive, for all h ≥ h0.
THEOREM 2.3. If A is involutive, then A(1) is involutive and
s
(1)
j := sj(A
(1)) = sn(A) + · · ·+ sj(A),
j = 1, . . . , n.
Thus every prolongation of an involutive tableau is involutive. Moreover,
the principal character and the Cartan integer are invariant under prolongation
of an involutive tableau.
It is well-known that A is involutive if and only if
Hq,p(A) = (0), for all q ≥ 1, p ≥ 0
(Guillemin-Sternberg, Serre [20]). See Appendix A for the definition of the
Spencer groups Hq,p(A).
A weaker notion is the following.
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DEFINITION 2.2. A tableau A is said 2-acyclic if
Hq,2(A) = (0), for all q ≥ 1.
This notion plays an essential role in the prolongation procedure of a non-
involutive linear Pfaffian system (cf. Kuranishi, Goldschmidt [18, 19]).
As shown in the following examples, tableaux and their prolongations arise
naturally in the context of PDE systems and of exterior differential systems.
EXAMPLE 1. Let V and W be vector spaces with coordinates x1, . . . , xn
and y1, . . . , ys dual to bases v1, . . . , vn for V and w1, . . . , ws for W . Consider
the first-order constant coefficient system of PDEs for maps f : V →W given in
coordinates by
Bλia
∂ya
∂xi
(x) = 0 (λ = 1, . . . , r). (2.1)
The linear solutions ya(x) = Aajxj to this system give rise to a tableau A ⊂
Hom(V,W ). Conversely, any tableau A ⊂ Hom(V,W ) determines a PDE sys-
tem of this type.
REMARK 2.1. A(q) is the set of homogeneous polynomial solutions of de-
gree q + 1 to (2.1).
THEOREM 2.4. The PDE system associated to A is involutive ⇐⇒ A is
involutive.
The symbol of (2.1) is the annihilator B := A⊥ ⊂ V ⊗W ∗ of A.
EXAMPLE 2. Let (I, ω) be a Pfaffian differential system (PDS) on a mani-
fold M with independence condition ω 6= 0, where
I = {θ1, . . . , θs, dθ1, . . . , dθs} (algebraic ideal)
and ω = ω1 ∧ · · · ∧ ωn. Let π1, . . . , πt be 1-forms such that
θ1, . . . , θs; ω1, . . . , ωn; π1, . . . , πt
be a local adapted coframe of M .
The Pfaffian differential system (I, ω) is called linear1 if and only if
dθa ≡ 0 mod {θ1, . . . , θs, ω1, . . . , ωn} (0 ≤ a ≤ s).
The meaning of this condition is that the variety Vn(I, ω) ⊂Gn(TM,ω) of inte-
gral elements of (I, ω) is described by a system of inhomogeneous linear equa-
tions (cf. Appendix B). A linear PDS is described locally by

θa = 0
dθa ≡ Aaǫiπ
ǫ ∧ ωi + 12c
a
ijω
i ∧ ωj mod {θ1, . . . , θs}
ω = ω1 ∧ · · · ∧ ωn 6= 0,
1In the literature, other names are also used to indicate linear systems: quasi-linear systems,
systems in good form, or systems in normal form.
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where caij = −caji; 1 ≤ a ≤ s; 1 ≤ i, j ≤ n; 1 ≤ ǫ ≤ t.
Once we fix independent variables and take a point of M , we can associate
a tableau to the Pfaffian system as follows. At x ∈ M , let V ∗ = span {ωi} and
{ ∂
∂ωi
} be the basis of its dual V . Further, let W ∗ = span {θa} and { ∂
∂θa
} be the
basis of its dual W . We define a tableau A ⊂W ⊗ V ∗ by
A := span {Aaǫi
∂
∂θa
⊗ ωi : ǫ = 1, . . . , t}.
The involutiveness of (I, ω) at x is equivalent to the involutiveness of A (al-
gebraic condition) together with the integrability condition V (I, ω)|x 6= ∅, which
in turn is equivalent to the condition caij(x) = 0, for each a, i, j (“torsion vanishes
at x”). See Appendix B for more on the notion of torsion.
THEOREM 2.5. The linear PDS (I, ω) is involutive at x ⇐⇒ 1) A is
involutive and 2) Vn(I, ω)|x 6= ∅.
The symbol of (I, ω) is the annihilator B := A⊥ ⊂ V ⊗W ∗ of A:
B = span {Bλ = Bλia
∂
∂ωi
⊗ θa : Bλia A
a
ǫi = 0, ∀λ, ǫ}.
3. Tableaux over Lie algebras. Let (g, [ , ]) be a finite dimensional Lie al-
gebra, a, b vector subspaces of g such that a ⊕ b = g, and A ⊂ Hom(a, b) a
tableau. Define the polynomial map τ : A→ b ⊗ Λ2(a∗) by
τ(Q)(A1, A2) := [A1 +Q(A1), A2 +Q(A2)]b
−Q ([A1 +Q(A1), A2 +Q(A2)]a) ,
where Xa (resp. Xb) denotes the a (resp. b) component of X .
DEFINITION 3.1 ([33]). A tableau over g is a tableau A ⊂ Hom(a, b) such
that:
1. A is involutive;
2. τ(Q) ∈ Im δ1,1 ⊂ b⊗ Λ2(a∗), for each Q ∈ A.
REMARK 3.1. A detailed analysis of the examples at our disposal and con-
siderations about the problem of prolongation (cf. Remark 4.1) suggest that con-
dition (1) in the above definition should be replaced by the condition that A is
2-acyclic. As for condition (2) in the definition, it amounts to the vanishing of a
cohomology class in the group
H0,2(A) =
b⊗ Λ2(a∗)
δ1,1 (A⊗ a∗)
.
(cf. Remark 4.1 and Appendix B for the the notion of torsion of a linear PDS).
EXAMPLE 3. If A ⊂ Hom(a, b) is involutive (or 2-acyclic) and g is the
abelian Lie algebra g = a ⊕ b, then τ(Q) = 0, for each Q ∈ A, and A can
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be considered as a tableau over g. Therefore, the concept of tableau over a Lie
algebra is a natural (non-commutative) generalization of the classical notion of
involutive (or 2-acyclic) tableau.
EXAMPLE 4. Let g be a semisimple Lie algebra with Killing form 〈 , 〉. Let
g = g0 ⊕ g1 be a Cartan decomposition. Then
[g0, g0] ⊂ g0, [g0, g1] ⊂ g1, [g1, g1] ⊂ g0.
Assume that rank g/g0 = k and that a be a maximal (k-dimensional) abelian
subspace of g1. Then g1 = a⊕m, where
m = a⊥ ∩ g1
Further, let
(g0)a = {X ∈ g0 : [X, a] = 0} ,
(g0)
⊥
a
= {X ∈ g : 〈X,Y 〉 = 0, ∀ Y ∈ (g0)a} ,
b := g0 ∩ (g0)
⊥
a .
Then, for any regular element A ∈ a, the maps
adA : m→ b, adA : b→ m
are vector space isomorphisms and
X ∈ m 7→ −adX ∈ Hom(a, b)
is injective, hence m can be identified with a linear subspace of Hom(a, b).
PROPOSITION 3.1 ([33]). If g is a semisimple Lie algebra and a, b, and m
are defined as above, then m, regarded as a subspace of Hom(a, b), is a tableau
over g.
DEFINITION 3.2. The tableau m is called a Cartan tableau over g.
REMARK 3.2. As already indicated in the introduction, the idea of a tableau
over a Lie algebra has its origin in the method of moving frames and is related to
the existence of canonical adapted frames along generic submanifolds in homo-
geneous spaces. The tableaux corresponding to systems of submanifold geometry
are constructed on the Lie algebras of the transitive groups of transformations
of the ambient spaces, e.g., the Wilczynski–Cartan frame in projective differen-
tial geometry (cf. [33]), or the canonical Mo¨bius frame in conformal theory of
surfaces (cf. Section 5.3).
4. Differential systems associated with tableaux over Lie algebras. Let
A ⊂ Hom(a, b) be a tableau over g and let G be a connected Lie group with Lie
algebra g. We set Y := G×A and refer to it as the configuration space.
DEFINITION 4.1. A basis (A1, . . . , Ak, B1, . . . , Bh, C1, . . . , Cs) of g is said
adapted to A if
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1. a = span {A1, . . . , Ak},
2. ImA :=
∑
Q∈A ImQ = span {B1, . . . , Bh},
3. b = span {B1, . . . , Bh, C1, . . . , Cs}.
An adapted basis is generic if the flag
(0) ⊂ span {A1} ⊂ · · · ⊂ span {A1, . . . , Ak} = a
is generic with respect to A.
For a generic adapted basis, let
(α1, . . . , αk, β1, . . . , βh, γ1. . . . , γs)
denote the dual coframe on G. Given a basis
Qǫ = Q
j
ǫiBj ⊗ α
i (ǫ = 1, . . .m)
of the tableau A, Y identifies with G× Rm by
(g, pǫQǫ) ∈ Y 7→ (g; p
1, . . . , pm) ∈ G× Rm.
DEFINITION 4.2 ([33]). The EDS associated with A is the Pfaffian system
(I, ω) on Y generated (as a differential ideal) by the linearly independent 1-forms{
ηj := βj − pǫQjǫiα
i, (j = 1, . . . , h),
γ1, . . . , γs,
with independent condition ω = α1 ∧ · · · ∧ αk 6= 0.
An immersed submanifold
Φ = (g; p1, . . . , pm) : Nk → G×A ∼= G× Rm.
is an integral manifold of (I, ω) if and only if
1. (α1 ∧ · · · ∧ αk)|N 6= 0;
2. βj = pǫQjǫiαi, j = 1, . . . , h;
3. γ1 = · · · = γs = 0.
The main result in the construction is the following.
THEOREM 4.1 ([33]). Let A be a tableau over a Lie algebra g. Then, the
EDS (I, ω) associated with A is a linear PDS in involution. In particular, the
characters of A coincide with the Cartan characters of (I, ω).
REMARK 4.1. Condition (2) in the definition of a tableau over a Lie alge-
bra (cf. Definition 3.1) tells us that the PDS associated with a tableau over a Lie
algebra is linear and with vanishing torsion (cf. Appendix B). This together with
the condition that the tableau is 2-acyclic guarantee the existence of a prolonga-
tion tower for the associated PDS which can be constructed algebraically from
the tableau and its prolongations. The construction of the prolonged systems is a
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direct consequence of the property of the tableau being 2-acyclic and is entirely
based on the Spencer cohomology of the tableau. The vanishing of the torsion is
needed only at the first step of the construction (cf. Remark B.2). Therefore, the
result stated in Theorem 4.1 can be generalized to the following.
THEOREM 4.2 ([35]). Let A be a 2-acyclic tableau over a Lie algebra g.
Then, the PDS (I, ω) on Y associated with A admits regular prolongations of
any order. Moreover, the construction of prolongations is purely algebraic. The
configuration space of the h-prolonged system (I(h), ω) is
Y (h) := G× (A⊕A(1) ⊕ · · · ⊕A(h)).
If k is the least integer such that A(k) is involutive, then the k-prolongation
(I(k), ω) is in involution and its Cartan characters coincide with that of A(k).
5. Examples. In this section, we illustrate the construction developed in
Section 4 by discussing some examples.
5.1. The PDS associated with an abelian tableau. Let A ⊂ Hom(Rk,Rh)
be an m-dimensional involutive tableau over the (abelian) Lie algebra g = Rk ⊕
R
h
, spanned by the linearly independent h× k matrices Qǫ = (Qjǫi).
We call A(1)-system the linear, homogeneous, constant coefficient PDE sys-
tem for maps P = (p1, . . . , pm) : Rk → A ∼= Rm defined by the differential
inclusion dP|x ∈ A(1), for all x ∈ Rk, where A(1) is the first prolongation of A.
This system can be written
δ1,1(dP ) = 0,
where δ1,1 is the Spencer coboundary of the tableau A (recall that δ1,1 : C1,1 =
A⊗ (Rk)∗ → C0,2).
LEMMA 5.1. A map P : Rk → A ∼= Rm is a solution to the A(1)-system if
and only if the Rh-valued 1-form
θ = (θ1, . . . , θh) ∈ Ω1(Rk)⊗ Rh, θj = pǫQjǫadx
a,
is closed.
As a consequence, we have
COROLLARY 5.1. Let P : Rk → A ∼= Rm be a solution to the A(1)-system
and let y = (y1, . . . , yh) be a primitive of θ (i.e., θ = dy). Then
R
k ∋ x 7→ (x, y(x), P (x)) ∈ Rk ⊕ Rh ⊕ Rm
is an integral manifold of the PDS (I, ω) associated with A. Moreover, every
integral manifold of (I, ω) arises in this way.
We can conclude that the integral manifolds of (I, ω) correspond to the so-
lutions of the A(1)-system. Moreover, (I, ω) is in involution (as a differential
system) and the Cartan characters coincide with those of the tableau A.
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5.2. The PDS associated with a Cartan tableau and the G/G0-system.
Let G/G0 be a semisimple symmetric space of rank k and g = g0 ⊕ g1 a Car-
tan decomposition of g. Let (A1, . . . , Ak) be a regular basis for the maximal
abelian subalgebra a ⊂ g1. According to Terng [37], the G/G0-system (or
the k-dimensional system associated to G/G0) is the system of PDEs for maps
F : U ⊂ a→ m := g1 ∩ a⊥ defined by[
Ai,
∂F
∂xj
]
−
[
Aj ,
∂F
∂xi
]
= [[Ai, F ], [Aj , F ]] ,
1 ≤ i < j ≤ k, where xi are the coordinates with respect to (A1, . . . , Ak).
LEMMA 5.2. A map F : a → m is a solution of the G/G0-system if and
only if the g-valued 1-form
θ = α+ [α, F ] ∈ Ω1(a)⊗ g,
satisfies the Maurer–Cartan equation dθ + 12 [θ ∧ θ] = 0, where α = αi ⊗ Ai is
the tautological 1-form on a.
COROLLARY 5.2. Let F : a → m be a solution of the G/G0-system and let
g : a→ G be a primitive of θ (i.e. a solution to g−1dg = θ). Then
a ∋ x 7→ (g(x), F (x)) ∈ G×m
is an integral manifold of the PDS (I, ω) on Y = G × m associated with the
Cartan tableau m ⊂ Hom(a, b). Conversely, any integral manifold of (I, ω)
arises in this way.
In conclusion, the integral manifolds of the PDS (I, ω) associated with the
Cartan tableau m ⊂ Hom(a, b) are given by the solutions of the corresponding
G/G0-system. Moreover, (I, ω) is in involution and its Cartan characters coin-
cide with those of the tableau m (i.e., s1 = n, sj = 0, j = 2, . . . , n). In particular,
the general solution depends on n functions in one variable.
REMARK 5.1. If (A1, . . . , An) is a basis of a, (x1, . . . , xn) the correspond-
ing coordinates, and F = (F 1, . . . , Fm−n) : U ⊂ a→ b, then the G/G0-system
can be written
Baα,i
∂Fα
∂xj
−Baα,j
∂Fα
∂xi
= Φaij ,
where the coefficients Baαi are constant and Φij are analytic functions.
In general, the PDS associated to a tableau over a Lie algebra corresponds
to the nonlinear system of equations
Baα,i
∂Fα
∂xj
−Baα,j
∂Fα
∂xi
+Baα,β
(
∂Fα
∂xi
∂F β
∂xj
−
∂Fα
∂xj
∂F β
∂xi
)
= Φaij .
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5.3. Old and new involutive systems in conformal surface theory. In this
section we discuss some old and new involutive systems/tableaux arising in con-
formal geometry of surfaces. We start by recalling some preliminary material.
Consider Minkowski 5-space R4,1 with linear coordinates x0, . . . , x4 and Lorentz
scalar product given by the quadratic form
〈x, x〉 = −x0x4 + (x1)2 + (x2)2 + (x3)2 = ηijx
ixj . (5.1)
Classically, the Mo¨bius space S3 (conformal 3-sphere) is realized as the projective
quadric
{
[x] ∈ RP4 : 〈x, x〉 = 0
}
. Accordingly, S3 inherits a natural conformal
structure and the identity component G ∼= SO0(4, 1) of the pseudo-orthogonal
group of (5.1) acts transitively on S3 as group of orientation-preserving, confor-
mal transformations (see [5]). The Maurer–Cartan form of G will be denoted by
ω = (ωij).
Let f : U ⊂ R2 → S3 be an umbilic free, conformal immersion. A Mo¨bius
frame field along f is a map g = (g0, . . . , g4) : U → G such that f(p) = [g0(p)],
for all p ∈ U . According to [5], there exists a canonical Mo¨bius frame field2
g : U → G along f such that its Maurer–Cartan form β = (βij) = g∗ω takes the
form

−2q2β
1
0 + 2q1β
2
0 p1β
1
0 + p2β
2
0 −p2β
1
0 + p3β
2
0 0 0
β10 0 −q1β
1
0 − q2β
2
0 −β
1
0 p1β
1
0 + p2β
2
0
β20 q1β
1
0 + q2β
2
0 0 β
2
0 −p2β
1
0 + p3β
2
0
0 β10 −β
2
0 0 0
0 β10 β
2
0 0 2q2β
1
0 − 2q1β
2
0


with β10∧β20 > 0. The smooth functions q1, q2, p1, p2, p3 form a complete system
of conformal invariants for f and satisfy the following structure equations
dβ10 = −q1β
1
0 ∧ β
2
0 , dβ
2
0 = −q2β
1
0 ∧ β
2
0 , (5.2)
dq1 ∧ β
1
0 + dq2 ∧ β
2
0 = (1 + p1 + p3 + q1
2 + q2
2)β10 ∧ β
2
0 , (5.3)
dq2 ∧ β
1
0 − dq1 ∧ β
2
0 = −p2β
1
0 ∧ β
2
0 , (5.4)
dp1 ∧ β
1
0 + dp2 ∧ β
2
0 = (4q2p2 + q1(3p1 + p3))β
1
0 ∧ β
2
0 , (5.5)
dp2 ∧ β
1
0 − dp3 ∧ β
2
0 = (4q1p2 − q2(p1 + 3p3))β
1
0 ∧ β
2
0 . (5.6)
5.3.1. The Mo¨bius tableau. The existence of a canonical Mo¨bius frame
field suggests the following construction. Let (α1, α2, β1, . . . , β4, γ1, . . . , γ4)
be the basis of g∗ defined by{
α1 = ω10 , α
2 = ω20 , β
1 = ω00, β
2 = ω01 , β
3 = ω02 , β
4 = ω21 ,
γ1 = ω03 , γ
2 = ω30 , γ
3 = ω10 − ω
3
1, γ
4 = ω20 + ω
3
2 .
Next, let (A1, A2, B1, . . . , B4, C1, . . . , C4) be its dual basis and set
a = span {A1, A2}, b = span {B1, . . . , B4}.
2If g is a canonical frame, any other canonical frame is given by (g0,−g1,−g2, g3, g4).
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Consider the 5-dimensional subspace M ⊂ Hom(a, b) consisting of all elements
Q(q, p) of the form
Q(q, p) = q1(B4 ⊗ α
1 + 2B1 ⊗ α
2) + q2(−2B1 ⊗ α
1 +B4 ⊗ α
2)
+ p1B2 ⊗ α
1 + p2(−B3 ⊗ α
1 +B2 ⊗ α
2) + p3B3 ⊗ α
2,
where q = (q1, q2) ∈ R2, p = (p1.p2, p3) ∈ R3. A direct computation yields the
following.
LEMMA 5.3. The subspace M is a tableau over g ∼= so(4, 1).
The PDS associated with the tableau M, referred to as the Mo¨bius sys-
tem, is the PDS on Y = G × M ∼= G × R5 generated by the 1-forms
γ1, . . . , γ4, η1, . . . , η4, where{
η1 = β1 + 2q2ω
1
0 − 2q1ω
2
0 , η
2 = β2 − p1ω10 − p2ω
2
0 ,
η3 = β3 + p2ω
1
0 − p3ω
2
0 , η
4 = β4 − q1ω
1
0 − q2ω
2
0 ,
with independence condition ω10 ∧ ω20 6= 0. The integral manifolds of the Mo¨bius
system are the 2-dimensional submanifolds
(g; q, p) :M2 → G×M ∼= G× R5
such that:
• f = [g0]→ S3 is an umbilic free, conformal immersion;
• g :M2 → G is a canonical Mo¨bius frame along f ;
• q1, q2, p1, p2, p3 :M2 → R are the conformal invariants of f .
5.3.2. Willmore surfaces. Willmore immersions are defined as extremals
for the Willmore functional
∫
(H2 −K)dA (H the mean curvature,K the Gauss
curvature). They are characterized by the Euler–Lagrange equation
∆H + 2H(H2 −K) = 0,
which expressed in terms of the conformal invariants is equivalent to the equation
p1 = p3 (cf. [5, 30, 39]). Willmore surfaces can be seen as integral manifolds of
the Mo¨bius system restricted to the submanifold of Y given by
YW = {Q(q, p) ∈ Y | p1 = p3}.
Now, it is easy to check that the subspace
MW := {Q(q, p) ∈M | p1 = p3}
defines a 4-dimensional tableau over g ∼= so(4, 1) with characters s0 = 8, s1 = 4,
s2 = 0, and that YW is the configuration space of MW . Observe also that the
restriction to YW of the Mo¨bius system is exactly the PDS associated with MW .
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5.3.3. Other classes of surfaces. More generally, one could consider the
class of surfaces whose invariant functions p1 and p3 satisfy a linear relation, that
is, are expressed by p1(t) = t cos a+b1, p2(t) = t sin a+b2, for real constants a,
b1, b2. This class includes Willmore surfaces as special examples and corresponds
to the 4-dimensional affine tableau
M(a,b1,b2) = {Q(q, p1(t), p2, p3(t)) | t, p2 ∈ R, q ∈ R
2}.
Also in this case, an algebraic, direct computation shows that M(a,b1,b2) is in-
volutive. Therefore, by the construction developed in the previous section, the
associated PDS is in involution. Its Cartan characters are s0 = 8, s1 = 4, s2 = 0.
REMARK 5.2. Similar arguments have been used in connection with the
study of surfaces in projective differential geometry [33]. The same approach can
also be used to discuss surface theory in the framework of Laguerre geometry
[27] and other classical geometries.
6. Further developments.
6.1. Continue the program, initiated with the study of several classes of
integrable surfaces in projective differential geometry [33], of identifying the ge-
ometry associated to a given tableau/system, i.e., find submanifolds in some ho-
mogeneous space whose integrability conditions are given by the PDS associated
with the given tableau.
6.2. Study the algebraic structure of tableaux over Lie algebras to under-
stand when a tableau generates an integrable geometry.
6.3. Study the Cauchy problem for the associated systems (cf. [31, 34]).
6.4. Analyze the characteristic cohomology of a tableau over a Lie algebra,
its geometric interpretations, and its relations with the characteristic cohomology
of Bryant–Griffiths [8, 9].
APPENDIX
A. The Spencer complex. [cf. [7]]
Retaining the notation of Section 2, identify the symmetric product Sq(a∗)
with the space of homogeneous polynomials of degree q on a. For each v ∈ a,
let δv be the map of b⊗ Sq(a∗)→ b⊗ Sq−1(a∗) given by partial differentiation
w.r.t. v. Let v1, . . . , vn be a basis of a, and v1, . . . , vn its dual basis.
The operator
b⊗ Sq(a∗)⊗ Λp(a∗)
δq,p
−−→ b ⊗ Sq−1(a∗)⊗ Λp+1(a∗)
given by
δq,pξ :=
∑
δviξ ∧ v
i
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(δ0,p = 0, for p ≥ 0) is independent of the basis, δ2 = 0, and the sequence of the
corresponding bigraded complex is exact except when q = 0 and p = 0.
Let A ⊂ Hom(a, b) be a tableau with prolongations A(h), h ≥ 0. Consider
the sequence of spaces
Cq,p(A) := A(q−1) ⊗ Λp(a∗),
for integers q ≥ 0 and 0 ≤ p ≤ n. Note that since A(q−1) ⊂ b ⊗ Sq(a∗), the
space Cq,p(A) is a subspace of b⊗ Sq(a∗)⊗ Λp(a∗). We have
δCq,p(A) ⊂ Cq−1,p+1(A),
but the sequence
Cq+1,p−1(A)
δq+1,p−1
−−−−−→ Cq,p(A)
δq,p
−−→ Cq−1,p+1(A)
is no longer exact for all p and q. The associated cohomology groups
Hq,p(A) := Zq,p(A)/Bq,p(A)
are called the Spencer groups of A, where Bq,p(A) = Im(δq+1,p−1) and
Zq,p(A) = Ker (δq,p). Notice that Z0,p(A) = b ⊗ Λp(a∗), for all p ≥ 0,
and Zq,1(A) = A(q), for all q ≥ 1.
A significant result in the subject is that the vanishing of the Hq,p is equiva-
lent to involutiveness.
THEOREM A.1 ([20]). A tableau A is involutive if and only if Hq,p(A) is
zero, for all q ≥ 1 and p ≥ 0.
A weaker condition than involutiveness is the following.
DEFINITION A.1. A tableau A is called 2-acyclic if Hq,2(A) = (0), for all
q ≥ 1.
Another way of formulating the condition
Hq,p(A) = (0), for all q ≥ 1, p ≥ 0
is that the sequences
0→ A(k)
δ
−→ A(k−1) ⊗ a∗ → · · ·
δ
−→ A⊗ Λk−1(a∗)→
· · ·
δ
−→ b⊗ Λk(a∗)→
b⊗ Λk(a∗)
δ (A⊗ Λk−1(a∗))
→ 0
are exact for all k. In particular, we have
H0,k(A) =
Ker (δ0,k)
Im (δ1,k−1)
=
b⊗ Λk(a∗)
δ (A⊗ Λk−1(a∗))
.
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B. Torsion of a Pfaffian systems. [cf. [7]]
Retaining the notation of Example 2, let (I, ω) be a Pfaffian system. An
admissible integral element E ∈ Vn(I, ω)|x is given by
θa = 0, πǫ = pǫiω
i,
where the fiber coordinates pǫi satisfy
Aaǫ j(x)p
ǫ
i −A
a
ǫ i(x)p
ǫ
j + c
a
i j(x) = 0.
Under a change of coframe
θ˜a = θa, ω˜i = ωi, π˜ǫ = πǫ − pǫiω
i (B.1)
the numbers cai j(x) transform to
c˜aij(x) = A
a
ǫ j(x)p
ǫ
i −A
a
ǫ i(x)p
ǫ
j + c
a
i j(x).
This defines an equivalence relation
c˜aij(x) ∼ c
a
ij(x).
DEFINITION B.1. The equivalence class [caij(x)] is called the torsion of
(I, ω).
LEMMA B.1. The torsion of (I, ω) lives in
H0,2(A) =
W ⊗ Λ2(V ∗)
δ1,1 (A⊗ V ∗)
=
Ker (δ0,2)
Im (δ1,1)
.
Proof. If Q = pǫjAaǫ i ∂∂θa ⊗ ωi ⊗ ωj ∈ A⊗ V ∗, then
δ1,1 (Q) =
∑
i<j
(
pǫjA
a
ǫ i − p
ǫ
iA
a
ǫ j
) ∂
∂θa
⊗ ωi ∧ ωj .
According to the transformation rule (B.1) of the caij under a coframe change, the
cocycle
1
2
cai j(x)
∂
∂θa
⊗ ωi ∧ ωj ∈ C0,2(A)
gives a class in H0,2(A).
REMARK B.1. The vanishing of the torsion is a necessary and sufficient
condition for the existence of an integral element over x.
LEMMA B.2. The torsion of (I(1), ω) lives in the vector spaces
H0,2(A(1)) ∼= H1,2(A).
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We also recall the following.
LEMMA B.3.
Hq,p(A(1)) ∼= Hq+1,p(A), q ≥ 1.
REMARK B.2. Thus, the involutiveness of the tableauA associated to (I, ω)
implies both the involutiveness of the tableau A(1) and the vanishing of torsion of
the prolonged system (I(1), ω).
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